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Abstract. A recent solution of the hyperon puzzle by a first order phase transition
to color superconducting quark matter is revisited in order to replace the Maxwell
construction by an interpolation method which describes a mixed phase. To do
this, we apply for the first time the finite-range polynomial interpolation method
for constructing a transition between hadronic and quark matter phases to the
situation that is characterized in the literature as the reconfinement problem. For the
description of the hadronic phase the lowest order constrained variational method is
used while for the quark phase the nonlocal Nambu-Jona-Lasinio model with constant
(model nlNJLA) and with density-dependent (model nlNJLB) parameters is employed.
Applying the replacement interpolation method to both quark matter models results
in a hybrid equation of state that allows a coexistence of nuclear matter, hypernuclear
matter and quark matter in a mixed phase between the pure hadronic and quark phases
which can also be realized in the structure of the corresponding hybrid star sequences.
The predicted hybrid stars fulfill the constraints on the mass-radius relation for neutron
stars obtained from recent observations.
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1. Introduction
While the properties of hot and not too dense, strongly interacting matter are explored
in heavy ion collision (HIC) experiments at highest collision energies as well as in lattice
quantum chromodynamics (QCD) simulations, the interiors of neutron stars (NS) are
the best laboratories in nature where different phases of cold and very dense matter can
be investigated [1, 2]. However, NS can also show features of hot and dense matter,
when they are born as proto-neutron stars in a supernova explosion or at the end of
their life, when they produce a kilonova in a NS merger event [3].
It has been shown that the density of the core of a heavy NS can reach to around
1 fm−3 [1]. Therefore, the Fermi energy level of particles rises sufficiently at such high
densities in the inner core of NS that the appearance of the new degrees of freedom
is possible [4, 5]. Indeed, according to the QCD phase diagram, when the density of
matter exceeds the nuclear saturation density (ρ > ρ0 ≈ 0.16 fm−3), in addition to usual
nuclear matter, at first the hyperonic degree of freedom may appear. At higher densities,
a phase transition from baryonic matter to deconfined quark matter is expected and
thus, a heavy NS may be a hybrid star [6]. The discovery of pulsars with masses as high
as 2 M [7, 8, 9, 10, 11, 12, 13] and recently also the observation of the merging of two
NS in the event GW170817 [14] has revived this question about the real composition of
the core of massive NS [15, 16].
Considering hyperons in the core of NS, one faces the hyperon puzzle‡ and its
suggested solution by taking in to account the quark deconfinement phase transition
from a soft hyperonic equation of state (EoS) to a sufficiently stiff quark matter EoS
in the NS interior [23, 19, 24]. While ab-initio simulations of QCD on a lattice have
provided reliable results for the deconfinement transition at finite temperature and zero
baryon density [25, 26, 27, 28], such calculations at low temperatures and high baryon
densities face the still unsolved sign problem. Unfortunately, there is not yet a unified
theory which could be applied to both hadronic and quark phase in all ranges of densities
and temperatures. Therefore, it is still an acceptable strategy to calculate the EoS of
the hadronic phase and of the quark phase from different reliable theories and then to
construct a phase transition between them.
Right after the phase transition, the quark matter EoS at high densities should be
sufficiently stiff without violating the causality constraint (the speed of sound should
not exceed the speed of light, cs < 1) for solving the hyperon puzzle. This goal could
be achieved using constant speed of sound (CSS) parametrization [29, 30] for the quark
matter EoS at high densities, as in our previous work [24] which hereafter we will refer
‡ The hyperon puzzle consists in the fact that within Brueckner-Bethe-Goldstone calculations under
conservative assumptions for the forces involving hyperons the appearance of hyperons softens the EoS
and lowers the maximum mass of a neutron star so that even the well-constrained binary radio pulsar
masses of typically ∼ 1.4 M cannot be reached [17]. It is also present for the NN potential-based
LOCVY approach used here. In other models for hypernuclear matter like, e.g., relativistic mean field
models [18, 19, 20] or the quark-meson-coupling model [21] it does not appear. These models can
describe neutron stars with a maximum mass ∼ 2.0 M, see also [22].
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to as paper I.
While speaking about a strong phase transition, an interesting topic is different
methods for constructing a phase transition (PT) from hadronic matter to quark matter
which both consist of strongly interacting particles in the NS interior. The PT results
in a massive hybrid star (M ≈ 2M) only if a soft hadronic EoS would be followed by
a stiff quark matter EoS. This purpose can be obtained employing a Maxwell, Gibbs or
pasta PT construction. The Maxwell construction garantees the continuity of pressure
and chemical potential across the transition [31, 32, 33, 34, 24]. The speed of sound
vanishes in the mixed phase while employing Maxwell construction since the energy
density jumps at a constant critical pressure. In the Gibbs construction which is also
called after Glendenning, the situation with several globally conserved charges results in
a pressure that is monotonously rising throughout the transition [35, 36]. Both Maxwell
and Gibbs construction belong to a first-order PT.
A strong first-order PT is accompanied with a large difference in the densities of the
subphases which causes strong gradients at their interface. Due to nonvanishing surface
tension finite size structures occur which are comparable with bubbles and droplets in
the boiling transition of water-vapor conversion. In this new mixed phase of matter
at the border of the transition, different geometrical forms such as planar, cylindrical
and spherical structures may appear which have been dubbed ”pasta”. Such finite-size
structures can be produced in NS matter because of the global electric neutrality and
the surface tension between hadronic and quark phase. The surface tension between two
different sub-phases and the effect of Coulomb interaction including screening affect the
size and shape of these structures [37]. As a result, in the mixed phase, the pressure is no
longer constant as in the Maxwell construction. It is not also changing as remarkably
as in the Gibbs construction where the surface tension is neglected [35]. In mixed
phase construction, it is supposed that the surface tension between hadronic phase
and quark phase does not exceed a critical value of about σc ∼ 60 MeVfm−2 [38, 39].
This magnitude is governed by the charge screening effects and for every σ > σc, the
resulting mixed phase reduces to the Maxwell construction, see also [40]. In particular,
for a massive hybrid star (M > 2 M), it is important to consider the effects of finite
size and pasta phases at the hadron-quark transition [41]. Therefore, it seems that
the obtained results for NS are more physical and trustworthy when using a mixed PT
instead of the Maxwell case. A detailed discussion of hadron-quark transition mimicking
the pasta phase is provided in the literature; see, e.g., [41, 42, 43].
It is hard to consider all details about pasta phase but it has been shown that a
simple parabolic interpolation of pressure as a function of chemical potential [44] has a
good agreement with a full pasta phase calculation [40]. The method of interpolation
between hadron and quark EoS for neutron star application has been suggested for the
first time in 2013 [45, 46]. This method has been developed in analogy to another
technique applied along the temperature axis in QCD phase diagram [47] where the
baryonic chemical potential is vanishing. However, after correcting shortcomings of the
first work in the subsequent ones, the revised and corrected version of the interpolation
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method has been employed extensively instead of a reliable unified approach which
covers all ranges of density and temperature [48, 49]. Therefore, for describing the
cold and dense matter which is our focus in this work, at low and high densities
we employ the hadronic EoS and quark EoS respectively while in the intermediate
regime, where there is not enough tools and knowledge to perform reliable calculations,
an interpolated EoS between two phases will be employed [48, 50, 51]. We like to
remark that these interpolation methods are using the tanh-function to switch from
one phase to the other, so that strictly speaking there are effects of the quark matter
phase on low-density hadronic matter and nuclear matter effects on high-density quark
matter, because the choice of this mathematical function does not restrict the mixed
phase to a finite domain bounded by the limiting densities of the applicability of pure
hadronic and quark matter models, respectively. This caveat has been removed by the
recently developed replacement interpolation method (RIM) [44, 52] and by the mixing
interpolation method (MIM) [53]. Both approaches are explained and compared with
each other, together with their applications to NS physics in Ref. [54].
Following paper I, in which a Maxwell construction has been employed to describe
hybrid stars with hypernuclear and superconducting quark matter in their interior, we
intend in this work to improve our calculations by considering mixed phases in the
transition region between hadronic and quark phase applying the RIM. It is worth
mentioning that the low-density and high-density EoS are not trustful right before and
after the crossing point since a soft hyperonic EoS is extrapolating to high densities
where the quark exchange should be dominant. On the other hand, a perturbative stiff
EoS is employed in to the low-density region around the nuclear saturation density
while it doesn’t include confinement effects. Furthermore, the low density region
around nuclear matter at zero temperature is subject to chiral symmetry and thus
not compatible with the quark matter EoS.
The motivation of this work is to investigate how a mixed PT from hypernuclear
matter to color superconducting quark matter can improve the results and the properties
of hybrid star. In order to do this, we compute numerically the EoS of hybrid star matter
mimicking pasta structures using the lowest order constrained variational method [55]
for the hypernuclear matter EoS and the nonlocal Nambu-Jona-Lasinio model [56, 57]
for deconfined, color superconducting quark matter. Both of them have been employed
widely for describing the NS properties. As it has been mentioned in paper I, two
schemes have been used for nlNJL model in which our approach of treating with the
values of the coupling constants is different. In ”model nlNJLA”, we consider a set of
coupling constants to be fixed at finite densities. The second one is a generalization of
model nlNJLA to the case when parameters of the model (such as coupling constants)
become functions of the baryochemical potential [58]; we denote this case as ”model
nlNJLB”. Our motivation for this work is to cure the results of PT from both two
schemes by using the RIM between hyperonic EoS and quark matter EoS.
In Sec. II we present a brief description of the LOCV method as well as the nlNJL
model. The Sec. III is devoted to the introduction of the RIM for constructing the
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mixed PT and in Sec. IV the results of this calculation are presented and discussed.
Sec. V is devoted to the properties of the resulting hybrid stars. Finally, the summary
and conclusion are given in Sec. V.
2. State-of-the-art equations of state for hypernuclear and quark matter
For anticipating the properties of hybrid stars at zero temperature, the trustful EoSs for
both hadronic and quark phase are essential. We have started a research that joins two
different domains of state-of-the-art expertise: the lowest order constrained variational
method with hyperons (LOCVY) for hypernuclear matter and the color superconducting
chiral nlNJL model for quark matter. The theoretical approaches used to calculate the
EoS for each phase will be briefly discussed in the following two subsections.
2.1. Hadronic phase: Hypernuclear matter within the LOCV method
A microscopic interaction-based variational method called LOCVY method is employed
for the nuclear matter phase. Same as all variational method, the start point of the
calculations is the Hamiltonian of the nuclear matter which is written as below
H =
∑
i
p2i
2m
+
∑
i<j
V (ij), (1)
where the momentum of ith particle is pi = −h¯∇i, and V (ij) is the realistic two-body
potential for every pair of particles [59]. This method has been employed within the years
for calculating the bulk properties of nuclear matter [60, 61, 62] as well as the mass-radius
relations of NSs [63], hyperonic stars [64] and hybrid stars [24]. It has been recently
developed to calculate the energy per particle and correlation functions in hypernuclear
matter [65]. For nucleon-nucleon interaction, the AV18 potential [66] supplemented by
Urbana type three-body force [63] has been employed while for nucleon-hyperon and
hyperon-hyperon interactions, we have used a three-ranges Gaussian potential proposed
by Hiyama et al. [67, 68]. The trial wave function for A-body interacting systems then
reads
Ψ(1...A) = F (1...A)Φ(1...A), (2)
where Φ is the uncorrelated wave function, i.e., the Slater determinant of one-body
ideal Fermi gas wave functions in A-body system and F is the correlation function of A-
body system which is written in Jastrow form [64]. In agreement with other variational
method such as APR [69], a set of Euler - Lagrange differential equations is obtained by
minimizing the energy with respect to the correlation function under a constraint. The
correlation functions and subsequently the energy of the system per particle is calculated
by solving these equations [70].
In the LOCV method, the only constraint used is normalization condition described by
χ = 〈Ψ|Ψ〉 − 1 = 1
A
∑
ij
〈
ij|F 2p − f 2|ij − ji
〉
= 0, (3)
Mixed phase transition and mass-radius constraints of neutron stars 6
where Fp is the Pauli function.
For more details about the LOCVY method calculations, one can read [65, 24] and the
references therein.
2.2. Quark matter EoS within nlNJL model
For the quark matter phase we employ a color superconducting nonlocal chiral quark
model of the Nambu-Jona-Lasinio type (nlNJL) for the case of two quark flavors. This
method is a nonlocal covariant extension of the NJL model which is one of the most
popular methods among the chiral effective models. In NJL model, the quark fields
interact via local four-point vertices which are subject to chiral symmetry characterized
by four-fermion interactions which are nonlocal. A problem with the NJL model,
related to the use of local interactions, is that some type of regularization must be
introduced to cure divergent integrals, introducing certain ambiguity in the choice of
the regularization scheme. In nlNJL model, the dynamical mass function M(p) which
shows the momentum dependent of the quark mass as well as the momentum current
which is responsible for a momentum dependent wave function renormalization (WFR),
Z(P ) of the quark propagator in the vacuum are introduced which are fitted to lattice
QCD data [71]. This model has recently been discussed in the context of the third
family of compact stars [58], where also references to preceding work are given.
The nlNJL approach is characterized by four-fermion interactions in the scalar quark-
antiquark, the anti-triplet scalar diquark and the vector quark-antiquark channels. The
effective Euclidean action for two light flavors is written as below
SE =
∫
d4x
{
ψ¯(x) (−i/∂ +mc)ψ(x)− GS
2
jfS(x)j
f
S(x)
−H
2
[jaD(x)]
† jaD(x)−
GV
2
jµV (x) j
µ
V (x)
}
. (4)
It is supposed that the current quark mass, mc is equal for u and d quarks. One should
note that the currents jS,D,V (x) are nonlocal and based on a separable approximation
of the effective one gluon exchange (OGE) model of QCD. The input parameters are
the coupling constants ratios H/GS and GV /GS. However, it has been estimated
from Fierz transformation for OGE interactions in the vacuum that H/GS = 0.75 and
η = GV /GS = 0.5, but there is no powerful phenomenological constraint on the ratio
H/GS and the values are subject to a large theoretical uncertainties [56]. Because of this
uncertainties, we have considered two schemes of fixing the values of coupling constant
in paper I which have been introduced in previous section.
In mean field approximation (MFA), the grand canonical thermodynamic potential per
unit volume reads
ΩMF =
σ¯2
2GS
+
∆¯2
2H
− ω¯
2
2GV
− 1
2
∫ d4p
(2pi)4
ln det
[
S−1(σ¯, ∆¯, ω¯, µfc)
]
. (5)
More details about the calculation of the explicit expression for the thermodynamic
potential can be found in [57]. The following coupled equations are satisfied by the
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mean field values σ¯, ∆¯ and ω¯
dΩMF
d∆¯
= 0 ,
dΩMF
dσ¯
= 0 ,
dΩMF
dω¯
= 0 . (6)
The chemical potentials of quarks are in chemical equilibrium are related to each other
by considering the baryonic chemical potential µ, a quark electric chemical potential µQq
and a color chemical potential µ8. The chemical potential µQq distinguishes between up
and down quarks, and the color chemical potential µ8 has to be introduced to ensure
color neutrality. For applying this quark matter scheme in NS applications, one has
to consider the β− equilibrium conditions. we shall consider that quark matter is
electrically and color neutral and in equilibrium under weak interactions. By self-
consistently solving the gap equations (6) along with β− equilibrium conditions for
chemical potentials as well as electric and color charge neutrality conditions, one obtains
∆¯, σ¯, µl and µ8 for each value of µ. It is recommended to read the Appendix of [57] as
well.
The quark matter EoS is then
P (µ) = P (µ; η(µ), B(µ)) = −ΩMF(η(µ))−B(µ) , (7)
As it has been mentioned in paper I, the medium dependence of the gluon sector is
considered in the bag pressure B(µ). As a result, in quark matter EoS of model nlNJLB,
both parameters η and B may depend on the chemical potential while in quark matter
EoS of model nlNJLA, they are supposed to be constant. In paper I, we have employed
both schemes for quark matter along with the LOCVY method in the context of the
new constraints of NS [24].
3. Phase transition construction
As it was described in previous sections, there is no unified EoS which can be applied
to all ranges of densities and temperatures. It is physical to employ the hadronic EoS
at low densities around nuclear saturation density where the mixed structure of the
baryons has not appeared. According to the QCD phase diagram which is progressing by
different methods and will be probed in the future heavy ion collision experiments such
as FAIR and NICA, considering hyperons in nuclear matter can increase the density
of the validity of hadronic slightly. We define the upper limit of the validity of our
hyperonic EoS as nH(µ).
At relatively high densities, where the quarks don’t belong to a specific baryon any
more, the deconfined quark matter EoS has to be employed. The lower limit of the
validity of the color superconducting quark matter EoS is denoted by nQ(µ). At the
intermediate range of density, i.e., nH(µ) < n(µ) < nQ(µ), neither hyperonic EoS nor
quark matter EoS are applicable.
Since the EoS at the the intermediate range of density is not well defined, it
is assumed that the EoS of both phases change due to the finite size and Coulomb
effects around the phase transition point which can be obtained using the Maxwell
Mixed phase transition and mass-radius constraints of neutron stars 8
construction. Furthermore, the surface tension between the hadronic phase and quark
phase in strongly interacting system is not well known. If the value of surface tension
is infinite, a Maxwell construction can be used for phase transition while a vanishing
surface tension corresponds to the Gibbs construction. For mixed phase transition which
mimics the pasta phase, we assume a variable surface tension.
The exact description of the physics of pasta phase is not straightforward because it
requires to the size and shape of structures as well as transitions between them to be
taken in to account but it has been studied in different works by different methods
[39, 41, 72, 73, 74, 75, 76].
In this work, we use the replacement interpolation method (RIM) [54] in which a
simple modification of the Maxwell construction is employed instead of a full solution
of pasta phase. Since the EoS of hyperonic and quark matter phases are described with
the relation between the pressure and chemical potential (for T = 0 which is applicable
for the NS), PH(µ) and PQ(µ) respectively, the effective mixed phase EoS PM(µ) can
be described simply by an interpolated function between two phases. It requires that
the interpolated pressure coincides the hyperonic and quark values at lower and upper
limits along with satisfying the thermodynamic constraint of positive slope of density
versus chemical potential, i.e., ∂nM
∂µM
= ∂
2PM
∂µ2M
> 0, as well as the causality condition that
the adiabatic speed of sound at zero frequency, c2s =
∂P
∂
, does not exceed the speed
of light. A simple and reasonable function to interpolate the pressure is a polynomial
function which smoothly joins the pressure curves of two phases. This method has been
developed in [44] and applied to the question of robustness of NS mass twins against
mixed phase effects in [52]. We repeat here the basic steps of its derivation following
Refs. [44, 52].
The critical value of baryochemical potential for which the phases are in mechanical
equilibrium with each other is obtained from Maxwell condition.
PQ(µc) = PH(µc) = Pc , (8)
The pressure of mixed phase then can be written as below
PM(µ) =
N∑
q=1
αq(µ− µc)q + (1 + ∆P )Pc, (9)
in which ∆P is a free parameter which changes the pressure of mixed phase at critical
point µc
PM(µc) = Pc + ∆P = PM , ∆P = ∆ P/Pc. (10)
The value of ∆P is related to the surface tension between two phases such that the
vanishing ∆P corresponds to the Maxwell construction in which the pressure at the
critical point is constant and the largest value of ∆P ≈ 0.07−0.10 corresponds to Gibbs
construction. The quantitative relation between ∆P and the surface tension has been
given in Ref. [41]. Generally in (9), one can consider [54]
N = 2k , k = 1, 2, .... (11)
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According to the (8), for matching the mixed phase pressure with the pressure of
hyperonic and quark matter EoS at the corresponding points, the pressures and their
derivative of order k have to satisfy the continuity conditions
PH(µH) = PM(µH) , (12)
PQ(µQ) = PM(µQ) , (13)
∂k
∂µk
PH(µH) =
∂k
∂µk
PM(µH) , (14)
∂k
∂µk
PQ(µQ) =
∂k
∂µk
PM(µQ) , (15)
in which µH and µQ are the matching points of the mixed phase EoS with the hyperonic
EoS and quark EoS, respectively. For ease of calculation, we assume that the effective
mixed phase pressure could be described in the parabolic form
PM(µ) = α2(µ− µc)2 + α1(µ− µc) + (1 + ∆P )Pc, (16)
for which the α1, α2 as well as µH and µQ could be obtained from the continuity
conditions when k = 1. By solving the continuity equations, one can obtain [44]
α2 =
1
µQ − µH
(
PQ − PM
µQ − µc −
PH − PM
µH − µc
)
, (17)
α1 =
PM − PH
µc − µH +
PQ − PM
µQ − µc −
PQ − PH
µQ − µH . (18)
Considering n(µ) = dP (µ)/dµ, we numerically solve the continuity equations for baryon
density and obtain µH and µQ.
It is worth mentioning that this interpolation method can be applied not only to
the usual phase transition from the hadronic phase to the quark phase with ∆P > 0 but
also to the case where applying the principle of maximum pressure to the crossing of the
pressure vs. chemical potential curves for quark and hadron matter would correspond
to a nonphysical reconfinement transition [30] from quark phase to hadronic phase with
∆P < 0. In next section, we shall employ the RIM to both these cases which have been
constructed in paper I.
4. Results and discussion
Since this study is a follow-up of paper I, we review here some results of that work for
the convenience of the reader. As it has been reported in paper I, we have constructed
a phase transition using the Maxwell construction from the hyperonic EoS obtained by
the LOCVY method to a color superconducting quark matter EoS obtained from the
nlNJL model. For the quark matter EoS, we have used two different approaches denoted
as model nlNJLA and model nlNJLB. In model nlNJLA with constant parameters, the
transition occurs at low densities, even before the appearance of hyperons because of
the lack of confining effects like a bag pressure. In this model, at higher densities the
unphysical crossing of hadronic and quark matter EoS occurs which would correspond
Mixed phase transition and mass-radius constraints of neutron stars 10
to a reconfinement transition. However, in the model nlNJLB with density dependent
parameters, an intermediate hypernuclear matter phase in the hybrid star, between the
nuclear and color superconducting quark matter phases is anticipated while the resulting
hybrid star obeys the new constraints of mass-radius of NS.
Our motivation of this work is extending the calculation of paper I to cure the
results of model nlNJLA and to obtain a more physical results in both approaches. To
this end, we first inspect the lower panel of Fig. 1 of paper I. It is clear that the curve
for (hyper)nuclear matter pressure crosses the ones for the quark matter twice. The
first crossing is the usual transition from the hadronic phase to the quark phase at low
densities, but the second one would correspond to a transition from quark to hadronic
matter (reconfinement) when increasing the density.
Therefore, we are interested to employ the interpolation method between hadronic
and quark phase for two reasons:
(i) Cure the problem of model nlNJLA by ignoring the Maxwell transition at low
densities and consider a mixed phase transition from hadronic to quark matter in
the region of reconfinement.
(ii) Improve the results of transition in both models, nlNJLA and nlNJLB, by
investigating a more physical transition by which a mixture of nuclear, hypernuclear
and deconfined quark matter in the transition region as well as more realistic hybrid
star sequences are predicted.
1050 1080 1110 1140 1170 1200 1230
µ (MeV)
20
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3 )
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nlNJLA η=0.12
MP ∆
 p= -2.5%
MP ∆
 p= -3.5%
MP ∆
 p= -5%
Figure 1. pressure as a function of chemical potential for mixed phase transition
from hypernuclear matter obtained from LOCVY method to supper conducting
deconfined quark matter obtained from model nlNJLA for η = 0.12 and ∆P =
−2.5%,−3.5%,−5%.
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As it was mentioned before, the curves of pressure versus chemical potential of
hypernuclear matter and deconfined quark matter in model nlNJLA, have two crossing
points. Since the first one occurs at very low densities, we ignore it with the argument
that at this low densities the quark matter model cannot be trusted, basically due to
the lack of confinement. We then study the second crossing at higher densities which
according to the maximum pressure principle would correspond to reconfinement. In
this point, the hyperonic pressure goes beyond the quark matter pressure which is
not physically acceptable at high densities. Thus, we have employed the interpolation
method with ∆P < 0 in such a way that a transition from hyperonic matter to deconfined
quark matter occurs. Since the basic hypothesis of the interpolation method is changing
the hyperonic and quark matter EoS around the transition region, this method makes
sense. It must be remarked, however, that a regular Maxwell construction at this
second crossing point would not make sense. Consistent with the RIM, we replace the
unphysical parts of both EoS in a finite interval around the crossing point by a parabolic
(in general, a polynomial) interpolation that fulfils the matching conditions given in the
previous section.
We have solved these conditions numerically at the second crossing point in model
nlNJLA for the value of η = 0.12 and three different values of ∆P . Fig. 1 shows the
EoS for pressure as a function of chemical potential which has been obtained from
the interpolation method. Therefore, a mixed phase construction has been applied to
this region. The behavior of the hyperonic and quark matter EoSs is clear around
the transition region in Fig. 1. They have changed in a parabolic shape so that the
hyperonic EoS is dominant at lower densities while the quark matter EoS is dominant
at higher densities. This result is in agreement with what we expect from a physical
system.
For model nlNJLB, the nuclear matter connects to deconfined quark matter by a
hypernuclear matter shell at the transition point by a Maxwell construction. But the
assumption of infinite surface tension in the Maxwell construction which does not allow
to different phases to be mixed with each other can be improved by a mixed phase
construction in which the parameter of ∆P is related to surface tension.
Therefore, we have employed the same interpolation method with ∆P > 0 to the
phase transition which has been constructed before by the Maxwell construction method
for model nlNJLB in paper I. As it has been mentioned in that paper, for model
nlNJLB with density dependent parameters like vector meson coupling strength and
bag pressure, four different sets of parameters have been used which have been listed
in table I of paper I. The continuity condition equations have been numerically solved
for the set 1 of model nlNJLB and the results are shown displayed in Fig. 2 and Fig.
3. The pressure of a hybrid star obtained by a mixed phase construction as a function
of chemical potential has been plotted in Fig. 2 while Fig. 3 shows the pressure of the
same hybrid star as a function of energy density.
As it can be seen, the threshold of the transition moves to lower density by
increasing the value of ∆P , but since this threshold corresponds to a mixed phase
Mixed phase transition and mass-radius constraints of neutron stars 12
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Figure 2. pressure as a function of chemical potential for mixed phase transition from
hypernuclear matter obtained from LOCVY method to supper conducting deconfined
quark matter obtained from model nlNJLB - set 1 and ∆P = 2.5%, 3.5%, 5%.
transition, we don’t worry about it. At the mixed phase region, by increasing the density
(chemical potential), the hypernuclear matter as well as the deconfined quark matter
can appear after ordinary nuclear matter. In Tab. 1 we summarize the dependence of
the chemical potentials and densities delimiting the mixed phase on the value of the
mixed phase parameter δP for the mixed phase constructions of LOCVY hypernuclear
matter with nlNJLA and nlNJLB quark matter, respectively.
Table 1. Limiting chemical potentials µH (µQ) and density nH (nQ) on the hadronic
phase (quark phase) border of the mixed phase construction for the hybrid EoS using
the LOCVY method for the hadronic phase and nlNJLA or nlNJLB model for the
quark phase.
model ∆P µH µQ nH nQ
[MeV] [MeV] [MeV] [1/fm3] [1/fm3]
nlNJLA -0.025 1106.27 1189.75 0.427 0.447
nlNJLA -0.035 1089.46 1250.94 0.392 0.502
nlNJLA -0.050 1075.536 1392.68 0.362 0.631
nlNJLB 0.025 1040.42 1115.54 0.288 0.512
nlNJLB 0.035 1016.88 1124.37 0.237 0.524
nlNJLB 0.050 971.41 1135.98 0.138 0.536
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Figure 3. pressure as a function of energy density for mixed phase transition from
hypernuclear matter obtained from LOCVY method to supper conducting deconfined
quark matter obtained from model nlNJLB - set 1 and ∆P = 2.5%, 3.5%, 5%. The
hatched region corresponds to the EoS constraint from Ref. [77].
5. Neutron star properties with mixed phase construction
As natural cosmological laboratories, the neutron star properties can verify the
applicability of the interpolated EoS. A reliable theoretical calculation has to be
verified by the observational constraints for the lower limit on the NS maximum mass,
currently represented by the Shapiro-delay measurement for the millisecond pulsar PSR
J0740+6620 [13] and by the tidal deformability constraint for the binary NS merger
GW170817 [14, 78, 79]. We consider the hybrid star obtained by the mixed phase
construction as a hydrostatically equilibrated and spherically symmetric system. Thus,
the mass-radius relation of the star can be obtained for a given EoS by solving the
well-known Tolman-Oppenheimer-Volkoff (TOV) equations [80, 81],
dP (r)
dr
= − GM(r)ε(r)
c2r2
(
1 +
P (r)
ε(r)
)(
1 +
4pir3P (r)
M(r)c2
)(
1− 2GM(r)
rc2
)−1
,
dM(r)
dr
=
4piε(r)r2
c2
. (19)
In these equations P (r) and ε(r) denote the pressure and the energy density profiles for
the matter distribution in the NS interior, M(r) is the cumulative mass enclosed in a
spherical volume at the distance r from the center, and G is the gravitational constant.
The gravitational mass M = M(r = R) of the star is the mass enclosed within the
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radius of the star. By considering that the boundary condition P (r = R) = 0, the
radius R is defined. For a chosen central energy density εc = ε(r = 0), we have the
necessary boundary and initial conditions to solve the TOV equations for a given EoS
and obtain a relativistic star with mass M and radius R, respectively. By increasing ε
(or equivalently P ) at the center of the configuration, the mass-radius relation can be
obtained and the maximum mass can be identified from it. For the EoS of the inner
and outer crust of the neutron star, we use the results of Negele and Vautherin [82] and
Harrison and Wheeler [83], respectively.
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Figure 4. Mass-radius relation of hybrid star for mixed phase construction of
the deconfinement PT using LOCVY method for the hadronic phase and the color
superconducting nlNJLA model for quark matter. The hatched regions correspond
to the constraints on the maximum mass from PSR J0740+6620 [13] and on the
compactness from GW170817 [14].
The TOV equations have been solved for the EoS of hybrid stars which have been
derived in previous sections and the mass-radius relation for them is shown in Fig. 4 and
Fig. 5. Fig. 4 shows the results of a hybrid star sequence with mixed phase construction
for model nlNJLA while the results for model nlNJLB are shown in Fig. 5.
By employing a mixed phase construction, one can see that even for nlNJLA unlike
the Maxwell construction, the predicted hybrid star has a quark matter core which is
surrounded by a shell of hypernuclear matter which joins the deconfined quark matter
to nuclear matter. Moreover, in this case the shape of mass-radius relation for both
nlNJLA and nlNJLB has the same slope.
Furthermore, the obtained maximum masses obey the current NS constraints:
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Figure 5. Same as Fig. 4, but for hybrid stars based on the nlNJLB model of quark
matter.
Mmax > 2.07 M from the lower limit of the 1σ range of the Shapiro-delay-based mass
measurement for the millisecond pulsar PSR J0740+6620 [13], as well as the lower
and upper limits for the radius, R1.6M > 10.7 km [78] and R1.4M < 13.6 km [79],
respectively, from the binary NS merger GW170817 [14].
Another constraint which has to be fulfilled by the EoS of the hybrid star is the
tidal deformability of GW170817. The quantity Λ is the tidal deformability which is the
induced quadrupole polarizability. The dimensionless tidal deformability Λ is defined
as [14]
Λ =
2
3
k2
(
c2R
GM
)5
=
2
3
k2
(
1
C
)5
, (20)
where c is the speed of light, R and M are the radius and mass of the NS and G is the
gravitational constant. The compactness of the NS is presented by C which is defined
as C = GM
c2R
. k2 is the tidal Love number which describes the response of each star to the
external disturbance and depends on the structure of the NS and therefore on it’s mass
and EoS. It is clear that Λ is very sensitive to the compactness parameter C and also
proportional to k2. k2 is also related to C and yR which is a dimensionless parameter
sensitive to the EoS [84, 85].
The binary NS merger GW170817 could only acknowledge the upper limit on the
tidal deformability of a 1.4M NS, i.e., Λ1.4 ≤ 800 [86] extracted from the original
discovery paper [14]. For comparison, the tidal deformability and it’s parameters
have been calculated for all hybrid stars predicted by mixed phase construction for
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M = 1.4M and the results are given in table 2. For the nlNJLA EoS we find the higher
Table 2. Central density ρc [fm
−3], radius R [km], compactness C, yR, tidal Love
number k2 and dimensionless tidal deformability Λ for the hybrid stars with the mass
of 1.4M using LOCVY method for the hadronic phase and the nlNJLA or the nlNJLB
model for the quark phase with different mixed phase parameters ∆P .
model ∆P ρc R C yR k2 Λ
nlNJLA -0.025 0.4413 12.50 0.1651 0.3560 0.09799 532.25
nlNJLA -0.035 0.4399 12.59 0.16397 0.3534 0.09892 556.23
nlNJLA -0.050 0.4291 12.69 0.1626 0.3527 0.09982 583.95
nlNJLB 0.025 0.570 11.843 0.17444 0.3611 0.0917 378.85
nlNJLB 0.035 0.570 11.849 0.1743 0.3597 0.0918 380.82
nlNJLB 0.050 0.568 11.86 0.174 0.3596 0.0920 384.23
values of tidal deformability in comparison to the nlNJLB EoS. The reason is that the
mass of 1.4M occurs in the mixed phase region with the higher radii. Therefore, the
star becomes less compact and from Λ = 2
3
k2(
c2R
GM
)5, C = GM
c2R
, the tidal deformability is
proportional to ( 1
C
)5. But for the nlNJLB EoS, the mass of 1.4M occurs in the mixed
phase region with lower radii and so the star is much more compact. Therefore, we get
lower values of tidal deformability. The value of tidal deformability and hence the radii
of hybrid stars are compatible with the constraint on the hybrid star, 35.5 < Λ˜1.4 < 800
and 8.35 km < R1.4 < 13.74 km and the constraint for tidal deformability of neutron
stars, which is 375 < Λ˜1.4 < 800 and 12.00 km < R1.4 < 13.45 km [86].
6. Conclusion
In this paper we have applied for the first time the finite-range polynomial interpolation
method for constructing a transition between hadronic and quark matter phases to the
situation that is characterized in the literature as the reconfinement problem. Employing
such a method for constructing a deconfinement phase transition from the hadronic
phase of hypernuclear matter to the deconfined quark matter phase could mimics the
effects of pasta structures in the mixed phase. It was illustrated that applying this
method to both types of hybrid stars which have been obtained using nlNJLA and
nlNJLB, one can improve the results such that for both cases, a mixed phase region is
predicted between nuclear matter and quark matter phases which consists of modified
hypernuclear and deconfined quark matter subphases.
It has been shown that all predicted hybrid stars using the nlNJLA and nlNJLB model
could solve the hyperon puzzle and fulfill all recent constraints on the mass and radius
of NS. The slope of the mass-radius curves are now similar for both EoSs obtained from
nlNJLA and nlNJLB. The dimensionless tidal deformability of predicted hybrid stars
with M = 1.4M has been calculated and is in agreement with the value extracted from
the observational waves from the inspiral phase of GW170817.
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The application of the quark-hadron hybrid EoS to binary merger simulations,
however, requires the inclusion of finite temperatures which is planned for the future
extension of the presented approach.
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